stichting
mathematisch
centrum MC

AFDELING MATHEMATISCHE BESLISKUNDE BW 34/74 APRIL

A. HORDIJK & H.C. TIJIMS
ON A CONJECTURE OF IGLEHART

Prepublication

2e boerhaavestraat 49 amsterdam

BLIOTHEEK
S -




N

d at the Mathematical Centre, 49, 2e Boerhaavestraat, Amsterdam.

thematical Centre, founded the 11-th of February 1946, is a non-
L Anstitution aiming at the promotion of pure mathematics and its
ations. 1t 45 sponsored by the Netherlands Government through the
Lands Onganization for the Advancement of Pure Research (Z.W.0),
- Municipality of Amsterdam, by the Univernsity of Amstendam, by
ee Univernsity at Amstendam, and by industries.

) subject classification scheme (1970): 90B05, 90CkO




conjecture of Iglehart *

Hordijk and Henk Tijms

act. This paper gives an
the classical dynamic 1
d. This conjecture state
ing horizon of n periods

ted cost per period has

is paper is not for revi

proof

el wit

inimal

es the

it as

ant fo

ehart’s conjecture
sitive continuous

. expected cost for a
al long-run average

r each initial stock.

ication in a journal.




-1-
1. Introduction

In a fundamental paper Iglehart[4] conjectured for the dynamic inventory
odel with a linear purchase cost, a fixed set-up cost and convex holding
nd shortage costs that the minimal total expected cost for a planning
orizon of n periods minus n times the minimal long-run average expected
ost has a finite 1imit as n»>e for each initial stock. In [1] this conjecture
as proved amongst other results for the case of a positive discrete demand
y using results in [2]. In this paper we present an elementary proof of the
riginal conjecture offered for the case of a positive continuous demand.
he proof applies equally well to the discrete demand case.

In section 2 we formulate the model and give some preliminaries. Also,

e state in section 2 the main theorem that will be proved in section 3.
2. Model and preliminaries

We consider the single-item inventory model in which the demands in
uccessive periods form a sequence of independent random variables having a
ommon probability distribution with density ¢(.). It is assumed that o(&)

s positive for all & sufficiently large. Further we suppose that the demand
)er period has a finite expectation y. Any unfilled demand in a period is
acklogged. Hence the stock level may take on any real value, where a negative
-alue indicates the existence of a backlog. At the beginning of each period
he stock on hand is reviewed. At each review an order may be placed for any
ositive amount of stock. An order, when placed, is delivered instantaneouslx.
e demand in each period takes place after review and delivery(if any). The
‘ollowing costs are involved. The cost of ordering an amount of z is K&(z)+

'z, where K>0, c¢>0, 6(0)=0, and, &(z)=1 for z>0. Let L(y) be the expected
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101ding and shortage costs in a period when y is the amount of stock at the
yeginning of that period just after any additions to stock. We assume that
J(y) is a nonnegative convex function that is continuous for all y. Further
t is assumed that both L(y)»>~ and cy+L(y)>~ as |y|+«. Finally, future costs
ire not discounted.

We now give some known results for this model that will be needed in
;he sequel. For any real x, let fo(x)=0. It was proved by Scarf[5](see also
'3]) that there is a sequence {fn(-),n21} of continuous functions satisfying,

or all x and all n21,

©o

120 = min, fen(yx) + Ks(yx) + Ly) + JO e (y-£)e(£)ae),

such that, for all n21,

2) £ (x)

—ex + K+ G (S) for x<s ,
n' n n

-cx + G (x) for x=s ,
n n

[o0]

there Gn(y)=cy + L(y) + Jo fn_1(y—£)¢(£)d£, S, is the smallest number that
1inimizes the function Gn(y), and s, is the smallest number less than or
:qual to Sn for which Gn(sn)=K + Gn(Sn). Hence the right side of (1) is
1inimal for y=Sn when x<s and for y=x when stn. It was proved in [3]

shat the sequences {sn} and {Sn} are bqunded. Observe that fn(x) denotes

;he minimal total expected cost for a planning horizon of n periods when the
nitial stock is x. Consider now the infinite period model. Denote by a(s,S)
;he average expected cost per period, see [(4]. Fix two finite numbers s* and

N

*
3" such that a(s*,S*)=g and L(s*) + cp=g where g=min a(s,S). In [4] it

S,5
tas shown that such numbers exist and that the (s*,S*) policy is average

:ost optimal among the class of all possible policies. Hence the minimal

werage expected cost per period is independent of the initial stock and
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uals g. Next define the function y(*) by

* *
-c.(x-s") for x<s ,

;) ¥(x)

o

L(x) - g + J v(x-£)o(&)dg for x2s”.
0

. . * . . .
le relation (3) constitutes for x>=s a renewal equation. Using this and

. * .. . . ..
e relation L(s ) + cu=g it is easy to verify that (3) has a unique finite
ylution Y(x) which is continuous for all x. It was proved in (4] that, for

1 x,
) e+ ule) = min | fe(yx) + Ks(yx) + 1) + | w(y-da(e)as),
B 0
lere the right side of (4) is minimal for y=S* when x<s* and for y=x when

*
:S .

In the next section we prove

[EOREM 1. The sequence {fh(x) - ng - v(x), n=1} has a finite limit for all

Moreover, the limit is independent of x.

:lehart[4] proved this result for the case of K=0 and offered it as a

mjecture for the case of K>O.
3. The proof

To prove Theorem 1, we fix two finite numbers L and U such that L<sns
* *
<U for all n1 and L<s <S <U. Let X={x|x<U}, and let A(x)={yly2L, x<y<U}

)r xeX. By the results in section 2 we have, for all xeX and nz1,

(o]

{c.(y-x) + K§(y-x) + L(y) + J f (y-g)e(g)aglt,

3) f (x) = min
0 n-1

n yeA(x)

1d, for all xeX,
{o.(y=x) + Ko(y-x) + L(y) + J o(y=)6(£)ac}.
(x) 0

) gty(x) = miny€A

)jserve that, by (2) and (3), the above integrals converge absolutely.

. * * *
fine m by w(x)=S  for x<s and w(x)=x for x>s and, for n>1, define m by
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rn(x)=Sn for x<s_ and nn(x)=x for x2sn. Then, for any xeX, m(x) minimizes

;he right side of (6) and nn(x) minimizes the right side of (5).
For any xeX and n21, let en(x) = fn(x) - ng - ¥(x). Using the definiti-

ms of m and T , if follows from (5) and (6) that, for all xeX and n21,
N e (%) < jo e (r(x)-£)6(£)aE and e, (x) 2 JO e (r (x)-£)a(E)ae.

Since U can be chosen arbitrarily large, Theorem 1 is an immediate

sonsequence of the following Theorem.

'HEOREM 2. The sequence {en(x), nzl} has a finite limit for all xeX.
loreover, the limit is independent of xeX.

ROOF. Using the continuity of f.(:) and ¥(-), it follows from (2) and (3)

1
hat there is a finite number N such that |e1(x)|sN for all xeX. By induct-

.on we have from (7) that Ien(x)|SN for all xeX and n>1.

Now, define Mn(x) = sup (x) and define m = inf en(x) for n>1.

e
xeX n n xeX

y induction it follows from (7) that M ,.<M and m_,.>m for all n21. Hence
n+l n n+l n

’he bounded sequences {Mn} and {mn} have finite limits M and m, respectively.

U-L
Let a = J ¢(&)d&. Then a<1 since ¢(£)>0 for all & sufficiently large.
0 .
iy (2) and (3), e (x) = ¢ for all x<L and n>1 where ¢ .= K + G (S ) - ng - est
n n n n' n

since Lem(x)<U for all xeX, we get from the first part of (7) that e, . (x) <

n+1

M + (1-a)e for all xeX and n21. Hence M _<aM + (1-a)e for all n21.
n n n n n

+1
similarly, we derive from the second part of (T) that mn_HZamn + (1—a)en

or all n=1. Hence M -m .<a(M -m ) for all n>1, so, M - m<a(M - m).
n+ n+1 n n

1
Jince a<1 and M2m, we have M=m. From M=m and mHSen(x)sMn for all xeX and
121, 1t follows that the sequence {en(x)} has limit m for all xeX as was
;0 be proved.

'EMARK. Since Mh—mhsan_1(M1—m1) for n>1, the convergence of en(x) for n-»ow

8 exponentially fast and uniform for all x in any interval bounded from

.bove.
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